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ON SOME PROPERTIES OF SHELAH CARDINALS
ALI SADEGH DAGHIGHI AND MASSOUD POURMAHDIAN ∗
Abstract. We present several results concerning Shelah cardinals in-
cluding the fact that small and fast function forcings preserve Shelah
and (κκ ∩ V )-Shelah cardinals respectively. Furthermore we prove that
the Laver Diamond Principle holds for Shelah cardinals and use this fact
to show that Shelah cardinals can be made indestructible under ≤ κ-
directed closed forcings of size < wt(κ).
Keywords: Shelah cardinal, small forcing, fast function forcing, Laver
diamond principle.
MSC(2010): Primary: 03E55; Secondary: 03E05.
1. Introduction
Shelah cardinals were originally introduced by Shelah [12] in connection
with some problems in measure theory and descriptive set theory. An un-
countable cardinal κ is called Shelah, if for every function f : κ → κ, there
exists an elementary embedding j : V → M with crit(j) = κ such that
κM ⊆M and Vj(f)(κ) ⊆M . Later Gitik and Shelah [1] introduced the gen-
eralized notion of an A-Shelah cardinal for a set A ⊆ κκ (see definition 3.1).
Shelah cardinals lie between Woodin and supercompact cardinals in the
consistency strength hierarchy while the consistency strength of A-Shelah
cardinals varies depending on A.
Investigating preservation of large cardinals under various classes of forc-
ing notions started by the work of Levy and Solovay [11], who showed that
measurable cardinals are preserved under small forcing notions. Later works
(see for example [8], [4], [6], [7]) revealed the fact that besides measurable
cardinals, the same result holds for a wide range of large cardinals as well.
In section 2, we prove an analogue of the Levy-Solovay theorem for Shelah
cardinals, by showing that Shelah cardinals are preserved under small forc-
ing notions. In section 3, we also prove that (κκ ∩ V )-Shelah cardinals are
preserved by Woodin’s fast function forcing.
In section 4, we deal with the Laver Diamond Principle, isolated by
Hamkins [3] as a new combinatorial axiom generalizing the classical Dia-
mond Principle, and prove that such a principle holds for Shelah cardinals.
Similar results are already obtained by Laver [10] and Gitik and Shelah [1]
for the other large cardinals including supercompact and strong cardinals
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respectively. Then in section 5 we use the already obtained Laver function
for Shelah cardinals to prove an analogue of Laver’s indestructibility of su-
percompactness theorem [10] for Shelah cardinals by proving that Shelah
cardinals can be made indestructible under ≤ κ-directed closed forcings of
size < wt(κ).
The present work could be viewed as a continuation of Suzuki [13] and
Golshani’s [2] analysis of Shelah cardinals in which they investigated the
properties of witnessing number of a Shelah cardinal and the behavior of
the continuum function in the presence of such large cardinals respectively.
2. Shelah cardinals and small forcings
In this section we show that Shelah cardinals are preserved under (rel-
atively) small forcings in both upward and downward directions. In other
words no Shelah cardinal loses its Shelahness in the generic extension pro-
duced by a small forcing and such a forcing doesn’t add any new Shelah
cardinal to the universe as well.
Theorem 2.1. Small forcing preserves Shelah cardinals in both upward and
downward directions. i.e., If κ is a cardinal and P is a forcing notion with
|P| < κ and G ⊆ P is a generic filter then κ is Shelah in V if and only if κ
is Shelah in V [G].
We need the following lemma from [2] stating that for any function f :
κ → κ in the generic extension some suitable dominating functions exist
in the ground model if the forcing notion satisfies some certain properties
(including relative smallness).
Lemma 2.2. If κ is a regular cardinal in V and P satisfies one of the
following conditions, then for every function f : κ → κ in a P-generic
extension of V, there exists a function g : κ→ κ in V such that g dominates
f , i.e. , ∀α ∈ κ f(α) < g(α) .
(1) P is κ-c.c .
(2) P is κ+-distributive .
We also need the following results of Hamkins [5].
Lemma 2.3. Let V ⊆ V be models of ZFC and let j : V →M be a definable
elementary embedding with crit(j) = κ and M =
⋃
j[V ] so that j|V is an
elementary embedding from V to M . If there is a regular cardinal δ < κ in
V such that V |= δM ⊆ M and δ-covering and δ-approximation properties
hold between V and V , then:
(1) M = M ∩ V . In particular V |= δM ⊆M .
(2) For all A ∈ V , j|A ∈ V .
(3) For all ordinal λ , if Vλ ⊆M then Vλ ⊆M .
(4) For all ordinal λ , if V |= λM ⊆M then V |= λM ⊆M .
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Lemma 2.4. Let δ be a cardinal and P ∗Q
∼
be a forcing iteration such that
P is non-trivial , |P| ≤ δ and P“Q∼
is (δ+1)-strategically closed” , then the
δ+-covering and δ+-approximation properties hold between V and V P∗Q˙ .
Now we are ready to complete the proof of Theorem 2.1.
Proof of Theorem 2.1 For the upward direction, suppose that κ is a
Shelah cardinal in V , and let f ∈ V [G], f : κ→ κ. By Lemma 2.2 (1), there
exists g ∈ V, g : κ → κ which dominates f . By assumption , there exists
j : V →M ⊇ Vj(g)(κ) witnessing the Shelahness of κ in V with respect to g .
But then j is easily seen to extend to some j∗ : V [G]→M [G] ⊇ Vj(g)(κ)[G],
and Vj(g)(κ)[G] ⊇ Vj∗(f)(κ)[G] = V
V [G]
j∗(f)(κ).
For the downward direction just note that in the lemma 2.4 if we take
Q to be trivial forcing then it follows that any forcing notion P satisfies
|P|+ - approximation and covering properties between V and an extension
by P. Particularly if κ is a Shelah cardinal in the extension by a forcing
notion P with |P| < κ and f : κ → κ is a function in the ground model,
then by inaccessiblity of κ in V we have |P|+ < κ. As P also satisfies |P|+
- approximation and covering properties between V and V [G], using lemma
2.3 we can get the required non-trivial elementary embedding jf from V
to an inner model Mf witnessing Shelahness of κ with respect to f in V
by restricting a non-trivial elementary embedding jf from V [G] to an inner
model Mf witnessing Shelahness of κ with respect to f in V [G]. 
3. Shelah cardinals and fast function forcing
In this section we investigate preservation of (κκ∩V )-Shelah cardinals, a
certain type of Shelah cardinals introduced by Gitik and Shelah [1], under
Woodin’s fast function forcing. As the name suggests, such a forcing adds a
new κ-sequence of ordinals < κ which in some sense is faster than any other
such κ-sequence in the ground model.
The definitions are as follows:
Definition 3.1. If κ is an uncountable cardinal and A is a set of functions
from κ into κ then κ is called A-Shelah, if for every function f ∈ A there
exists an elementary embedding j : V → M with crit(j) = κ such that
κM ⊆M and Vj(f)(κ) ⊆M .
Definition 3.2. Let κ be a cardinal. The fast function forcing Pκ consists
of all partial functions p : κ→ κ such that:
(1) ∀γ ∈ dom(p) p[γ] ⊆ γ,
(2) ∀γ ≤ κ, if γ is inaccessible then |dom(p ↾γ)| < γ.
Pκ is ordered by reverse inclusion.
Note that for any γ < κ, and any p ∈ Pκ with γ ∈ dom(p), we can
factor Pκ/p as Pκ/p ∼= (Pγ/p ↾γ)× (P[γ,κ)/p ↾[γ,κ)), where P[γ,κ) = {p ∈ Pκ :
dom(p) ⊆ [γ, κ)}.
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Theorem 3.3. Fast function forcing preserves (κκ∩ V ) - Shelah cardinals.
Proof. We go through a lifting argument as follows. Let G be P-generic over
V , and let F =
⋃
G be the fast function added by G. We may note that
V [G] = V [F ]. Let g ∈ V , g : κ → κ. Let j : V → M ⊇ Vj(g)(κ) witness the
Shelahness of κ in V with respect to g. We may also suppose that j is an
extender embedding, so that
M = {j(h)(s) : h ∈ V and s ∈ [δ]<ω},
where δ = |Vj(g)(κ)|. As δ is definable in M from κ we may also assume that:
M = {j(h)(κ) : h ∈ V }
Consider the condition p = {〈κ, δ〉} ∈ PM
j(κ). Then P
M
j(κ)
∼= Pκ×(P
M
[κ,j(κ))/p).
Let X = {j(h)(κ, δ) : h ∈ V }. Then X ≺M and we have the following com-
mutative diagram
V M
M0
✲j
❄
j0
 
 
 ✒
k
where k : M0 → M is the inverse of the transitive collapse of X. Since
κ, δ ∈ X, there is δ0 < j0(κ) with k(δ0) = δ. Let p0 = {〈κ, δ0〉} ∈ j0(Pκ).
Then k(p0) = p and crit(k) > κ. We have
(1) j0(Pκ)/p0 = P
M0
j0(κ)
/p0 ∼= Pκ × P
M0
[κ,j0(κ))
/p0
(2) V [G] |=“PM0[κ,j0(κ))/p0 is κ
+-closed”,
(3) V [G] |=“|{A ∈ M0[G] : A is a maximal antichain in P
M0
[κ,j0(κ))
}| ≤
κ+”.
So there is H0 ∈ V [G] which is P
M0
[κ,j0(κ))
/p0-generic over M0[G], and clearly
j0[G] ⊆ G×H0. So we can lift j0 to get
j∗0 : V [G] →M0[G×H0].
Now we lift k to M [G×H0]. Since crit(k) > κ, we can easily lift k to
k∗ : M0[G]→M [G].
Let H = k∗[H0] ⊆ P
M
[κ,j(κ))/p.
Claim 3.4. H is PM[κ,j(κ))/p-generic over M [G].
Proof. Let D ∈M [G] be dense open in PM[κ,j(κ))/p, and let D∼
∈M be a name
for it. Then D
∼
= k∗(h)(s) for some h ∈ M0 and s ∈ [δ]
<ω . We may further
suppose that for all x ∈ dom(h), h(x) is aM0-name for an open dense subset
of PM0[κ,j0(κ))/p0. Since the latter forcing is δ
+-distributive in M0[G], the set
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D0 =
⋂
x h(x)[G] is dense in it, and hence H0 ∩ D0 6= ∅, which implies
H ∩D 6= ∅. 
Thus we can lift k∗ further to
k∗∗ :M0[G×H0]→M [G×H].
It follows that we can lift j to j∗ : V [G] →M [G×H], and clearly (V [G])j(g)(κ) ⊆
M [G×H].
Hence j∗ witnesses the Shelahnes of κ in V [G] with respect to g, and the
theorem follows immediately. 
4. Shelah cardinals and Laver diamond principle
First we need to introduce the essential notion of the witnessing number
associated to a Shelah cardinal which is a central tool for analyzing Shelah
cardinals. It has been introduced by Suzuki [13].
Definition 4.1. For a Shelah cardinal κ let wt(κ) be the least ordinal λ
such that for any function f : κ→ κ there exists an extender E ∈ Vλ which
witnesses the Shelahness of κ with respect to f . We call wt(κ) the witnessing
number of κ.
Inspired by similar definition of the Laver Diamond Principle for other
large cardinals in [3], the Laver Diamond Principle for a Shelah cardinal is
defined as follows:
Definition 4.2. ⋄Shelahκ is the assertion: there exists l : κ → Vκ such that
for any f : κ → κ and any α < wt(κ) and A ∈ Vα, there are g > f and
j : V → M witnessing the Shelahness of κ with respect to g such that
j(g)(κ) > α and j(l)(κ) = A.
The use of α and g in the above definition is because we need a witness-
ing embedding which includes Vα. It will be guaranteed by the condition
j(g)(κ) > α which might not be the case for arbitrary f . Also the condition
g > f guarantees that the embedding witnessing Shelahness with respect to
g also witnesses Shelahness with respect to f .
Theorem 4.3. If κ is a Shelah cardinal then ⋄Shelahκ holds.
Proof. Fix a well-ordering ⊳ of Vwt(κ). We construct the function l : κ→ Vκ
by transfinite recursion. If l ↾γ has been defined then we define l(γ) as
follows. Let λ be the least ordinal such that there are a ∈ Vλ and f : γ → γ,
such that for all h : γ → γ with h > f and all j : V → M with crit(j) = γ
and Vj(h)(γ) ⊆ M , if j(h)(γ) > λ then we have j(l)(γ) 6= a. If there is such
a λ we define l(γ) = a for the ⊳-minimal a with the stated property.
Now we claim that l is the required ⋄Shelahκ Laver function. If not, let
θ < wt(κ) be the least ordinal such that there is f : κ → κ and some
a ∈ Vθ with the property that for all g > f and all elementary embeddings
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j : V → M witnessing the Shelahness of κ with respect to g if j(g)(κ) > θ
then j(l)(κ) 6= a.
Fix a suitable function g : κ → κ, g > f , j(g)(κ) > θ, and its corre-
sponding Shelahness embedding j : V →M . By the choice of g, as we have
Vj(g)(κ) ⊆ M and j(g)(κ) > θ, then M and V are agree on Vθ+1. Also M
contains enough Shelahness extenders and will be agree with V on the fact
that θ is the least ordinal with the stated property, namely a is not antici-
pated by l = j(l) ↾ κ (due to the critical point of the elementary embedding
that is κ). Thus by applying the recursive definition of l in M we will have
j(l)(κ) = a′ for some a′ in M that is j(⊳)-minimal.
Thus M thinks “θ is the least ordinal such that there are a′ ∈ Vθ and
f : κ → κ, such that for all h : κ → κ with h > f and all extenders E if
jE(h)(κ) > θ then we have jE(l)(κ) 6= a
′”.
But then there should be no such extender in V , which is not possible as
j itself gives such an extender, and we get a contradiction. 
5. Shelah cardinals and closed forcings
In this section we show that Shelah cardinal κ can be made indestructible
under ≤ κ-closed forcings of size < wt(κ). The following proposition from
[2] shows that the restriction on size of the forcing is essential and so the
follow up theorem is sharp.
Proposition 5.1. If κ is Shelah and λ < wt(κ) is a regular cardinal then
there is a λ-closed forcing P of size wt(κ) such that κ is no longer Shelah in
V P.
In order to prove the main result first note to the following lemma from
[2] which states that without loss of generality one may assume GCH in a
model of Shelah cardinals.
Lemma 5.2. The canonical forcing of GCH preserves all Shelah cardinals.
Now we present our main theorem. For the proof we generally follow the
method that is used in [9] for the case of strong cardinals.
Theorem 5.3. If κ is Shelah and GCH holds then there is a set forcing
extension in which the Shelahness of κ becomes indestructible by any ≤ κ-
directed closed forcing of size < wt(κ).
Proof. We define an Easton support iterated forcing of length κ using the
Laver function l for Shelah cardinals as obtained in theorem 4.3. If Pγ for
γ < κ is already defined, and if l(γ) is a Pγ-name for a ≤ γ-closed poset
in V Pγ then we define the forcing at stage γ, namely Qγ , to be this poset.
Otherwise we define Qγ to be trivial forcing.
Now we prove that the forcing P is as required. Let G ⊆ P be a V -generic
filter and Q is a ≤ κ-directed closed forcing of size < wt(κ) in V [G]. We need
to prove that κ remains Shelah in V [G][g], where g ⊆ Q is a V [G]-generic
filter.
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Fix a function f : κ→ κ in V [G ∗ g]. Note that by κ+-directed closure of
Q, it adds no κ-sequences to V [G] so f ∈ V [G]. Also by κ-cc property of P
and lemma 2.2 there is a dominating function g : κ→ κ for f in V . By the
size of the forcing Q we may assume that Q˙ ∈ Vθ for some θ < wt(κ). As l
is a Laver function for Shelah cardinals there will be a function h : κ → κ
with h > g and an elementary embedding j : V →M witnessing Shelahness
of κ with respect to h such that j(h)(κ) > θ and j(l)(κ) = Q˙.
Without loss of generality we may assume that M = {j(i)(s) | i : Vκ →
V, i ∈ V, s ∈ Vθ}. It is easy to check that j(P) and P are the same in the
first κ- stages because P is defined relative to l and M [G] agrees that Q˙ is
a name for a ≤ κ-closed forcing notion. At stage κ itself j(P) is Q˙. So we
have j(P) = P ∗ Q˙ ∗ Ptail. Also we may assume that ∀γ ∈ dom(l) l[γ] ⊆ Vγ ,
and Ptail is ≤ iθ-closed in M [G][g] and ∃l
′ ∈ κκ θ = j(l′)(κ).
Now consider the elementary embedding j : V → M witnessing Shelah-
ness of κ with respect to h in V . In V [G ∗ g] we lift j in two steps to obtain
an elementary embedding j : V [G] → M [j(G)] and then j : V [G ∗ g] →
M [j(G) ∗ j(g)].
Step 1: Lifting j : V →M to j : V [G]→M [j(G)] in V [G ∗ g].
We need to build an M -generic filter j(G) ⊆ j(P) in V [G ∗ g]. As j(P) =
P ∗ Q˙ ∗ Ptail and G ∗ g ⊆ P ∗ Q˙ is V -generic and so M -generic, we only need
to find suitable M [G ∗ g]-generic filter Gtail ⊆ Ptail in V [G ∗ g] to form the
required j(G) as G ∗ g ∗Gtail. Due to the lack of enough closure in M [G ∗ g]
we work with a nice elementary substructure of it as follows:
Let X := {j(f)(κ) | f : κ → V , f ∈ V }. X is an elementary sub-
structure of M and contains κ and all what exists in ran(j). Thus we
have θ, Vθ,P, Q˙, j(P), j(l),Ptail ∈ X. Consequently Q ∈ X[G] and by Tarski
criterion X[G] ≺M [G] and X[G ∗ g] ≺M [G ∗ g].
It is straightforward to check that for every dense open subsetD of Ptail in
M [G∗g] there is a dense subsetD of Ptail inX[G∗g] such thatD ⊆ D. Based
on this fact we only need to find suitable X[G ∗ g]-generic filter Gtail ⊆ Ptail
in V [G ∗ g] which will be M [G ∗ g]-generic as well.
We use a diagonalization argument in order to find X[G ∗ g]-generic filter
Gtail. It is easy to check that
κX ⊆ X in V . By κ-cc property of P ⊆ X we
have κX[G] ≺ X[G] in V [G]. Also from ≤ κ-distributivity of Q it follows
that κX[G ∗ g] ≺ X[G ∗ g] in V [G ∗ g]. Futhurmore X[G ∗ g] ≺ M [G ∗ g]
implies that Ptail is ≤ κ-closed in X[G ∗ g].
Now we need to calculate the number of maximal antichains of Ptail that
exist in X[G ∗ g] from V [G ∗ g] perspective. In order to do so note that
|Ptail| = j(κ). The forcing P ∗ Q˙ doesn’t change the size of P (j(κ)) so
all what we we need is to calculate the size of P (j(κ)) ∩ X in V , that is
2κ = (κ+)V by GCH in V . Thus the number of maximal antichains of Ptail
in X[G ∗ g] from V [G ∗ g] perspective would be (κ+)V ≤ (κ+)V [G∗g]. Thus
there is an enumeration of these maximal antichains by a κ+-sequence in
V [G ∗ g].
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Finally by diagonalization we construct a descending κ+-sequence of con-
ditions in X[G ∗ g] ∩ Ptail which meets every antichain of Ptail that exists
in X[G ∗ g]. Now take Gtail ⊆ Ptail to be the filter generated by such a
sequence. It will be X[G ∗ g]-generic and so M [G ∗ g]-generic and the lifting
will be possible.
Step 2: Lifting j : V [G] → M [j(G)] to j : V [G ∗ g] → M [j(G) ∗ j(g)] in
V [G ∗ g].
Denote the filter generated by j[g] as < j[g] >⊆ j(Q) which meets every
dense subset D ∈ ran(j) of j(Q). Again it is straightforward to check
that for every dense open subset of j(Q) such as D ∈ M [j(G)] there is a
D ∈ ran(j) such that D is a dense subset of j(Q) andD ⊆ D. Thus < j[g] >
is a M [j(G)]-generic filter. Consequently if we consider j(g) =< j[g] > then
in V [G ∗ g] it would be possible to lift j : V [G]→M [j(G)] to j : V [G ∗ g]→
M [j(G) ∗ j(g)].
Finally we have V
V [G∗g]
j(f)(κ) = Vj(f)(κ)[G ∗ g] ⊆ Vj(h)(κ)[G ∗ g] ⊆ M [G ∗ g] ⊆
M [j(G) ∗ j(g)]. Thus the lifted embedding witnesses Shelahness of κ with
respect to f in V [G ∗ g].

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